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1 Introduction 

It is a classical result in Algebraic Topology that spheres S"" are parallelizable if and only if 
their dimension is n = 1, 3, 7. As for the products of two or more spheres one has instead the 
following result (per56|): 

Theorem 1.1 (Kervaire) The manifold 5"^ x • • • x 5"'', r > 2, is parallelizable if and only 
if at least one of the rii is odd. 



0^ , Kervaire's proof does not provide an explicit parallelization on products of spheres. The 



^^ ' only reference the author knows to provide explicit parallelizations is [ Bru92| , that considers 



f-| ■ the cases when one of the spheres is of dimension 1,3,5,7, and uses some specific arguments 

-(— > ■ 

J^ ' of these low dimensions. In | Bru92|] the general case is left as an open problem. 



The aim of this paper is to write an explicit orthonormal parallelization for all paralleliz- 
able products of spheres, using an explicit isomorphism with a trivial vector bundle obtained 
following a hint of ||Hir88 |. 



A description of some G-structures on S'^ x 5" associated to this parallelization is given 



in ParOC|. 



2 An explicit parallelization B on S"^ x S^ 

Denote by x = (xj) the coordinates on M'"^^, and let S"" C M™^^ be given by 

gm drf 1^ ^ ^^^^ ^ ^ ^ ^ ^^^^^ g j^m+1 ^^^j^ ^-^^^ |^|2 ^ ^2 _^ . . . _^ ^2^_^^ ^ ^_ 

The orthogonal projection of the standard coordinate frame {dxi}i=i^...^m+i to the sphere plays 
an important role in the game, and deserves its own definition: 



Definition 2.1 The i meridian vector field Mi on S"" is 

Mi = orthogonal projection of dx^ on S"" i = l,...,r7T, + l. 



Let M be the normal versor field of S"^ C M'"^-'^, that is, 

m+l 



D 



Mil* J^x.a., 



def 

Since 



{dxi,M) = Xi i = l,...,m + l, 
one obtains the following expression for Mj: 

Mi = a^^-XiM i = l,...,m + l, (1) 

and thus 

{Mi,Mj) = 6ij - XiXj i,j = 1,... ,m + l. (2) 

Let F be the cyclic infinite group of transformations of M'"^"'^ — generated by the map 
X I— > e'^'^x. Denote by H the corresponding diagonal real Hopf manifold, that is, the quotient 
manifold (M'"+^ — 0)/r: H turns out to be diffeomorphic to S"^ x S^ by means of the map 
induced by the projection p: 

X I — > (x/|x|, log |a;| mod 27r). 

The standard coordinate frame {dxi}i=i,...^m+i on IR™+^ — becomes F-equivariant when 
multiplied by the function \x\, whence it defines a parallelization on S"^ x S^. This proves the 
following proposition . . . 

Proposition 2.2 5™ x S^ is parallelizable. 
. . . and enables us to give the following definition: 

Definition 2.3 Define B = {&i}j=i,...,m+i as the frame on S"^xS^ induced by the F-equivariant 
frame {\x\dxi}i=i,...,m+i on the universal covering 1^™+-*^ of S"^ x S^ by means of p: 

bi = p*i\x\dxiix)) i = l,...,m + l. 

D 



The following theorem explicitly describes the frame B: 



Theorem 2.4 Let Mi be the i*'* meridian vector field on S"^ C R'^+^. Then 



bi = Mi + Tide i = 1,. . . ,m + l. 



(3) 



Proof: Look at 5"^ x 5"^ as a Riemamiian submanifold of 11"^+'^ x 5^, and in particular 
look at TiS"^ X S'M = TS"" x TS^ as a Riemannian subbundle of TR"'^^ x TS^; this last is 
a trivial vector bundle and an orthonormal frame is {dx-^^, • • • , 9a:„+i) dg}. A computation then 
shows that 

?"* = "TT ((^^1 ~ ^1"^) ® ^2^1 H ^ (c^3;m+i - a^m+iw) ® dx^+^ + l^jcj (g) Sg) , 

where u is the 1-form given by 

u} = -di-—] = — pj {xidxi H h Xm+idxm+i) . 

\|x|/ |x|^ 

Whence, the frame B in the point p{x) = (x/|a;[,log \x\ mod 2tt) is given by 
--2 [-xiXidxi -\ h (|x|^ - x1)dxi -\ Xm+iXidx^^^ + \x\xide) i = 1, . . . , m + 1, 



that is, the frame B in the point (x, 0) G S"™ x S*^ is given by 

hi = {-xiXidx^ H h (1 - xf )(9a;, H a;m+ia;j<9a;„_^i + Xj 

= 5x, - Xi{xidxi -\ h Xm+idx^+i) + Xide - Mi + Xide. 



i = 1,... ,m + l. (4) 



Remark 2.5 The notion of meridian vector field was given in [ Bru92 |: it was used to describe 
a parallelization on any product of a sphere by a parallelizable manifold. In this context. 



theorem 2.4 shows that the frame B given by definition |2.3| coincide with that of [Bru92|. D 



Remark 2.6 The frame B is orthonormal with respect to the product metric on S"^ x S^ (use 
theorem 2.4 and formula (^)). D 



The well-known bracket formula 



[fX,gY] = fg[X,Y] + f{Xg)Y - g{Yf)X 



(5) 



gives the brackets of B: 



[bi, bj] = Xibj - Xjbi i,j = 1,... ,m + l. 



(6) 



By means of theorem 2A and remark ^^, one obtains the coframe B* = {^*}i=i,...,m+i dual 



to B on 5™ X S^: 

b' = dxi + Xide i = l,...,m + l. (7) 

Remark 2.7 Since 

bi = p*i\x\dr,.) i = 1,... ,m + l, 

the coframe B* can be also described as the quotient of the F-invariant coframe on IR™'^^ — 
given by 



D 



A straightforward computation gives the structure equations for B: 



db' = dx^Ade^b' Ade i = l,...,m + 1, (8) 



where the 1-form d9 is related to B* by 



m+l 



d9=Y^ Xib\ 

i=l 

The following lemma is trivial to prove, but will be useful: 

Lemma 2.8 For each permutation it of {1, . . . , m + 1}, the automorphism ofW^~^^ — given 
by {xi, . . . , Xm+i) 1-^ (2^77(1)) • • • ) ^7r(m+i)) ^^ T-equivariaut. The induced diffeomorphism is 

U: 5™ X S^ — . 5™ X S^ 

(Xl,... ,Xm+l,6') I > (a;7r(l)>--- )3:^(m+l);'9), 

and df.„{b^(C}) = h- 

3 The Hopf fibration S^ -^ S^ extends ^ to 5™ x S^ 

Denote by y = (yj) the coordinates on R^, and let 5'^ C W^ be given by 

S^ = {y = (2/1, . . . ,y4) G M^ such that \yf = yj + ■ ■ ■ + yj = I}. 



Let T = Ti,T2,T3 be the vector fields on 5^ given by multiplication by i, j, /c G H = R^ 
respectively, that is, 

T = Ti = -y2dy^ + yidy^ - y^dy^ + ysdy^, 

T2 = -yzdy^ + 2/4^2/2 + yidy^i - y2dy^, (9) 

T3 = -yidy^ - ysdy^ + ^2^5,3 + yidy^. 

It is well-known that S^ can be foliated in S'^'s, by means of the Hopf fibration S'^^>-S'^. 
Whence, one has a foliation of S"™" x 5^ in S"^ x S^'s, and section |2| gives m + 1 vector fields 
tangent to the leaves: they can be completed to a parallelization of S"" x S^ by means of a 
suitable parallelization of S^, as it is now going to be shown in the following proposition: 

Proposition 3.1 S"^ x S^ is parallelizable. 

Proof: One would like to use definition 2.3 to define m + 1 vector fields on 5*"* x S^. The 



problem is that there is not a canonical identification of the fiber of the Hopf fibration S^^S"^ 
with S^, whence one has not a canonical angular coordinate on fibers. But formula (y) of 



theorem 2.4 only needs a unitary and tangent to fibers vector field on S to be used: this is 



just what T is. Whence, define B = {6i}j=i,...,m+3 by 



def 

bi = Mi + XiT i = 1,. . . ,m + l, 

bm+j ^ ^ j J ^ ^1 "J) 



where Mi is the r meridian vector field on 5"*, to obtain the wished frame on S*"* x S* . ■ 

Remark 3.2 The frame IB is orthonormal with respect to the product metric on 5""* x 5'^ (use 
formulas (10) and formula (|2|)). D 



The same argument used in section pi gives the brackets of B: 

[6i, bj\ = Xibj - Xjbi i, j = 1, . . . , m + 1, 

[bi,bm+2] = -'^Xibm+a i = l,...,m + l, 

[bi,bm+3] = '^Xibm+2 i = l,...,m + l, ^ ^ 

m+l 



[bm+2, bm+3] = -2T = -2 ^ Xibi. 



i=l 

Let r = ri,T2,r3 be the 1-forms on 5™ x S^ dual to T = Ti,T2,T3 respectively. The 
coframe B* = {¥}i=i,...,m+3 is given by 

6* = XiT + dxi i = 1, . . . ,m + 1, 

(12) 

6'"+^=r, j = 2,3. 



Differently from S"™ x S^, the 1-form r is not closed, so structure equations are a bit more 
complicated: 

db' = b' At + 2x^6^+2 ^ ^m+s f = 1, . . . , rn + 1, 
d6™+2 ^ 26'"+3 A r, (13) 

d6'»+3 = -26"^+2 A r, 
where the 1-form r is related to B* by 

m+l 

T=Y^ Xib\ 

i=l 

Remark 3.3 The same argument used above for S"^ x 5^ can be applied to the Hopf fibration 
S"^ -^ CP to obtain a frame on 5"^ x S"^ . Nevertheless, formulas in this case are much more 
complicated. D 



Proposition 3.1 and the previous remark can be easily generalized: 



Theorem 3.4 (| |Bru92[ |) Let N^ be any parallelizable n-dimensional manifold. Then S"^ x N 
is parallelizable. 

Proof: Let T = Ti,T2, . . . ,Tn be a frame on N. The required parallelization is thus given 
by 

def 

bi = Mi + XiT i = 1, . . . , m + 1, 

, dof rp ■ — 9 

Om+j — -l-j J — Z, . . . , 77., 

where Mi is the i meridian vector field on S"^. ■ 

4 The general problem: when is a product of spheres paral- 
lelizable? 

The proof of the theorem of Kervaire cited in the introduction is here sketched: 
Sketch of proof of theorem |j.j| (Kervaire): 

1. Show by induction there exists an embedding of 5"^ x • • • x S*"'' in W^^^ hnr+i^ This is 
true for r = 1. Let 



/ = (/l,...,/ni+...+n,._,+l):5"^X...x5^ 



rir-i s lU"iH hn^-i+l 



be the embedding given by the inductive hypothesis, where / is chosen in such a way 
that /i > 0. Let n G S"i X • • • X 5"'-i, and let (^i, . . . ,^„,+i) G S""-: the embedding / 
is thus given by 

5"! X • • • X 5'"'- -^ ]Kni + -+n,+l 



(n, (Cl, . . . , ^„,+l)) I > if2{u), ..., fni+-+nr-i+i {u),Cl \/fl{u), ..., Ur+lV M'^))'^ 

2. suppose without any loss of generality that the odd dimension is not ni, and observe 
that the degree of the Gauss map of the embedding / built in 1. is given by 

X(D"^+^ X 5"2 X • • • X 5"'-) = x(-D"i+^)x(5"2) • ■ • xiS""^) = 0, 
where D"i+^ denotes a topological disk of dimension ni + 1; 

3. denote by Gk,n and Vk^n the Grassmannian and the Stiefel- Whitney manifold of oriented 
fe-planes and oriented orthonormal frames in ]R*''+", respectively. The tangential map 

S X • • • X D "^ > ^ni-i hnr,l 

is null-homotopic, since by 2. the Gauss map is; 

4. last, denote by P{S^^ x • • • x 5""") the principal bundle of S"''^ x • • • x S""' , and look at 
the following diagram to end the proof: 

V 

^ni X . . . X S^^ Gn,+-+n.,l 

■ 

Note that, due to the homotopy theory considerations, the above proof is not very suitable 
to write down explicit parallelizations on products of spheres. 

Another proof of Kervaire's theorem can be developed using a series of hints contained in 
the book | Hir88| , exercises 3,4,5 and 6 of section 4.2]. Details of such a proof, as developed by 



the author, are given in the following. 

In what follows, e^ denotes the trivial vector bundle of rank k with base space B; moreover, 
whenever a is a vector bundle, E{a),pa,B{a) denote the total space, the projection and the 
base space of a respectively. 



Lemma 4.1 Let a he a vector bundle. The Whitney sum a © £„/ n is described by 



^(«©4(a))-^(a) 



5(a©4(„)) = 5(a). 



-B{a) 



Proof: The Whitney sum a © ^B(a) ^^ given by the pull-back of a x e^/^\ by means of the 
diagonal map B{a) -^ B{a) x B{a) (see for instance [ MS74| , page 27]). Then 



£'(a©e|(^)) = {(e,6,f,6) G E{a) x B{a) x M'' x B{a) such that pa{e) = h} 
and the thesis follows. ■ 

Corollary 4.2 Let a, (3 be vector bundles. Then, for any k > 0, 

ax(/3©4(/3))-("®4(a)) x/3- 

Proof: Observe that 

E{ax (/3©4(^)))~E(a) x S(/3 © 4^^)) y ^(a) x E{f3) x M^ 
Eia © e|(,) ) X /? ~ ^(a © 4(„)) x ^(/?) @ E{a) x M^' x ^(/3), 

and use the obvious isomorphism. ■ 

Theorem 4.3 Suppose M™ and N^ satisfy the following properties: 

1. T{M) © e\[ is trivial; 

2. T{N) © ejv is trivial; 

3. there is a non-vanishing vector field on N . 
Then M x N is parallelizable. 

Proof: Let z^ be a complement in T{N) of the non-vanishing vector field on A^, that is, 

T(A^)~i/©eJv. (14) 

Then 

T{M X TV) ~ T{M) X T{N) W T{M) x {u e ejv) 

@ (r(M) © ei,) xuk e™+i x u (15) 







s^-' X {u © 4) ^ e--i X e^+i 



Remark 4.4 Whenever A^ is itself parallelizable, formula (15) can be shortened: 



T{M X iV) ~ T{M) X T{N) ~ T{M) x e'% 

(16) 

^(r(M)e4,)xe^-i^e-+ixe^-i. 

D 

The embedding S"" C M"+-^ gives the triviality of T{S'"') © e^„; whenever n is odd, a non- 
vanishing vector field on S'"" C C'"^^"^ is given by the complex multiplication. Thus, the 
following: 

Corollary 4.5 Let n be any positive odd integer. Then the manifold S"^ x S"" is parallelizable. 
And finally: 



Second proof of theorem 1.1: Apply r — 1 times the corollary 4.2 to show that T{S"'^ x 

1 
S"2x-xS" 



5""") e^nax-.-xS"!- i^ ^ trivial vector bundle, and use theorem O 



5 An explicit parallelization V for products of 2 spheres 

An explicit parallelization B has already been found on S"^ x S", for n = 1,3, 7, in the previous 



sections. Can one use theorem 4.3 to explicitly find a parallelization on any parallelizable 
gm ^ ^717 Answer is positive. 



The trick in theorem 4.3 is simple: split TN by means of the never-vanishing vector field. 



then use the trivial summand to parallelize TM, and last detach a rank 2 trivial summand to 



parallelize the remaining part of TN. Remark 4.4 simply says that if N is itself parallelizable, 



one can avoid to detach the rank 2 trivial summand from M, using the parallelization of A^ 
instead. 

Here and henceforth, n is supposed to be the odd dimension in S"^ x 5". 



Denote by y = (yj) the coordinates on M""*"^, and let S^ C W^^^ be given by 



S" =' {y = (yi, . . . , yn+i) G M"+i such that yf + ■ ■ ■ + yl+^ = 1}. 

Being n odd, a never- vanishing vector field, and hence a versor field, is defined on S"": 
here and henceforth, T denotes the versor field on 5" given by multiplication by i in C^""*"^)'^, 
namely, 

T = -y2dy^ + yidy^ + yn+idy„ + yndy„^^. (17) 



When a shorter form of T is needed, tj denotes the coordinates of T, that is, 



■3 

n+l 



T = J2tjdy, (18) 



where tj is given by 

-Vj+i if J is odd, 



tj 



(19) 
yj_i if j is even. 



Moreover, denote by A'" the normal versor field of 5" C R""*"^ (recall that M denotes the 
normal versor field of 5"^ C M™^"*^): 

n+l 

N = ^yjdy^- (20) 

j=i 

It is convenient to think of T{S'^ x S*") = TS"^ x TS"" as a Riemannian subbundle of 
TM!"^ xTMl^"!^ ; this last is trivial, and an orthonormal frame is {dx^ , ■ ■ ■ , dx^+i , dy-^ , . . . , c^j/„+i }• 

Denote by Nj the j* meridian vector field on S" (recall that Mj denotes the z* meridian 
vector field on 5™"): 

Nj = orthogonal projection oi dy on S"' j = 1, . . . , n + 1. 
The tangent space in a point {x, y) E S"*" x S"" is thus given by an euclidean vector subspace 

which is generated by the m + n + 2 vectors {Mi{x), . . . , Mm+i{x),Ni{y), . . . , Nn+i{y)}. 
One also has 

T,5"^ e (M(x))m = M'^+i and TyS'' (B {N{y))^ = R^+\ (21) 

As in formula (Q), one obtains 

5^^ = Mi + XiM i = l,...,m + l, 

(22) 
dy^=Nj + yjN j = l,...,n + l. 

Moreover, denote by T{y)^ the vector subspace of Ty{S^) which is orthogonal to T{y): 

{T{y))^®T{y)^ = TyS\ (23) 

In what follows, some computation on the vector space Tx{S'^) ®Ty{S'^) is done. For the 
sake of simplicity, the argument of vector fields is omitted, that is, T stands for T {y) , M stands 
for M{x) etc . . . 

10 



Formula (^) in theorem 4^ gives the following chain of pointwise isomorphisms: 



T^{sn e TyiS"-) ® r,(5™) e {t)^ e t' 



~ r,(5™)e(M)Mer 



fL Tljni-l 



e (iv)K © (r)M © T^ 



(24) 



where a is defined by 



® M'"-! © (iV)K © TyS" 



a{T) = M, 



and /3 is defined by 



/?a„)''=^'iv, /3a„^j1i^r. 



Pulling back to r^(5'")©ry(S'") the m-1 generators {S^:,, . . • ,<9x„_i} of M™"i one obtains 

i = l,...,m-l, (25) 



a,, i M + 2;.M 



^ Mi + XiT 

whereas pulling back to T^iS"^) © Ty{S'^) the n + 1 generators {dy^, . . . ,dy^^^} of W^^'^ one 
obtains the more complicated formulas 

= {N„T)T + {N, - {N.j,T)T) + y,N 

^ {Nj,T)d,^^, + (N, - {N,,T)T) + yjd,^ j = 1, . . . , n + 1. (26) 

i (iV„ r)(M„+i + Xm+iM) + {Nj - {Nj,T)T) + y,{Mm + XmM) 

^ (iVj, r)(M„+i + Xm+iT) + {Nj - {Nj,T)T) + y^iM^ + x^T) 

The following theorem applies the above argument to 5*" x S*", odd n, in order to obtain 
an explicit frame on it: 

Theorem 5.1 Let n be odd, and let T = X]?=i ^j'^y ^^ ^^^ tangent versor field on 5*" given 



by formula (|i^. Also, let {Mj}j=i^..._m+i (^nd {Nj}j=i^^^^^n+i be the meridian vector fields on 
5™ and S" respectively. Last, let M and N be the normal versor fields of S"^ C M™"^^ and 
gn 1^ ]^"+i respectively. The product S*™ x 5" is parallelized by the frame V = {pi, . . . ,Pm+n} 



11 



given by 



def 

Pi = Mi + XiT i = 1,... ,m-l, 



Pm-l+j = VjMm + tjMm+1 + {tjXm+1 + VjXm - tj)T + Nj j = l,...,n + l. 

Moreover, V is orthonormal with respect to the standard metric on S"" x 5". 
Proof: Observe that 

{Nj , T) i {dy^ - yjN, T) = {dy^,T)=tj j = l,...,n + l 



(27) 



and use formulas (^) and (^) to obtain (|27|). The orthonormality can be proved by observing 
that both a and /? in ( p4[ ) are isometries. But one can also directly check the pi's, taking into 
account formula @. ■ 

6 The frames V and ^ on 5™ x S^ and S"^ x 5^ 



If n = 1, 3 or 7, remark 4.4 can be used to obtain a parallelization simpler than V on S"" x 5". 
If n = 1,3 this parallelization is just the one given in sections |2|, ^ respectively, which was called 
B. In this section relations between B and V are exploited. 

Let n = 1. Formula ( pTJ ) gives the frame P = {pi, . . . ,pm+i} on 5™ x 5"^, whereas the 
frame B is given by formula (|3|). Clearly, 

Pi = bi i = l,... ,m-l. 

Since cJg = —y2dy^ + yi^yj = T, one obtains 

{Ni,d0) = {dy^ - 2/1 iV, -y2<9yi + yi^ya) = -^2, 
{N2,dg) = {dy^ - y2N, -y2dy^ + yidy^) = yi, 

Ni = -2/2T, 
N2 = yiT. 



and thus 



Whence 



Pm = yi{Mm + XmT) - y2{Mm+l + Xm+lT) + ^2?" " ^2^ = yi&m " y2&m+l> 

Pm+1 = 2/2 (Mm + XniT) + 2/i(Mm+i + Xm+iT) - yiT + yiT = y2hm + yibm+i, 



12 



and one gets 



V = B 



( 







\ 


Im-1 


















••• 





yi 


y2 


^0 ^^^ 





-y2 


yi J 



(28) 



Brackets of V are thus easily obtained by means of formulas ( |28| ) , (|6|) and (^) : 

\Pi,Pj] = XiPj - XjPi i,j = l,...,m-l 

\Pi,Pm] = {-Xmyi + Xm+iy2)Pi + XiPm - XiPm+1 i = l,... ,771-1 

\Pi,Pm+l] = {-Xmy2 - Xm+iyi)Pi + XiPm + XiPm+1 i = l,...,m-l 

[Pm,Pm+l] = {Xm{yi " ^2) " Xm+l{yi + y2))Pm + {Xm{yi + ^2) + Xm+l{yi - y2))Pm+l 

Formula (p3) gives the frame V* dual to V: 

p" = b'' i = 1,... ,m-l, 

rn Tin un+^ 



(29) 



P 



P^+^ = y^V^ + y^}r+\ 



The structure equations for V are thus obtained by a straightforward computation: 

dp* = dxi At = p^ At i = 1, . . . ,7n — 1, 

dp"^+i = p"^+i At-p'^At, 



(30) 



where r is given by 

m+l m— 1 

T" = ^ Xib' = ^ Xip' + (Xmyi - Xm+iy2)P™ + {Xmy2 + Xm,+iyi)p™"*"^ 
i=l i=l 

Let n = 3. Formula ( pTJ ) gives the frame V = {pi, . . . ,pm+3} on S"^ x S^, whereas the 
frame B is given by formula (p!o|). Clearly, 

Pi = bi i = 1,... ,m - 1. 

Denote by "(*) th" the j**^ coordinate of *. Since 

{Nj -tjT,T) = 

(iV,- - tjT, bm+2) = (fem+2)jth , J = 1, . . . , 4, 

(^j ~ tjT,bm+3) = (bm+s) jtb, 



13 



one gets 



Pm-l+j — yjt>m + tjbm+1 + {bm+2) jtbbm+2 + (^m+3)jth6m+3 



i = i, 



Whence 



r = B 























I-m-l 






































yi 


2/2 


2/3 


2/4 










-2/2 


2/1 


-y4 


2/3 










-2/3 


2/4 


2/1 


-2/2 










-2/4 


-2/3 


2/2 


2/1 



(31) 



Brackets of V can be obtained by means of a not straightforward computation using for- 
mulas (|3TD, ( p^D and (0). One can also refer to the next section, where general formulas for V 
are given. 

Formula (^) gives the frame V* dual to V: 

\ 



"P* = B* 



/ 
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-2/2 


2/1 


-2/4 


2/3 










-2/3 


2/4 


2/1 


-2/2 


1° 







-2/4 


-2/3 


y2 


2/1 



7 General formulas for 7^ 



Recall that T = ^^^i ^j'^Vj- Set 



def 

def 
^m+1 = -^m+1 + a;m+lT', 

def 

Cj,fc = 2/i*fc - Vktj j, k = 1, 

def 



,n + l, 



Dj^k = '^Cj^k '^Skj±i ±5j,k±i j,k = l,...,n + l. 



14 



Formulas ( |27D easily give 

n.+l 

y^ VjPm-l+j = Mm + XmT = Xm, 

i=i 

n+l 

/ ^ tjPm-l+j = Mm+1 + Xm+lT = X^+l- 

J=l 

A hard calculation then gives 

\pi,Pj] = XiPj - XjPi i,j = l,...,m-l, 

\Pi,Pm-l+j] = -{yjXm + tjXm+l)Pi 

TXiPm-i+j±i +XiyjXm + XitjXm+1 i = 1, . . . ,m - 1, j = 1, . . . ,n + 1, 
^ V ' 

• _odd 
•^ even 

m—1 



\pm-l+j,Pm-l+k] = Dj^k ^ XiPi + VjPm-l+k " VkPrn-l+j 



i=l 



+ {XjnDj^k ~ Xm+lCj^k)Xm + {{Xm+1 — ^)Dj^k + XmCj,k)Xm+l 



even 



+ {±ykXm ± ifca;m+i =F tk)Pm.~i+j±i j, k = 1, . . . ,n + 1. 



■ .odd 
■^ even 

(32) 
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